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Abstract

Excited spectator electron effects on Stark broadened spectral line shapes of transitions
involving tightly bound electrons are investigated. It is shown that the interference terms in the
electron impact broadening are essential to describe the overlapping lines generated by these
configurations (e.g.; dielectronic satellite lines). The main impact is narrower spectral features

and reduced far wing intensities compared to calculations neglecting the interference terms.



1. Introduction

It is known that theoretical Rosseland mean opacities [1] can be sensitive to line shape
models. [2] For example, low photon absorption regions have the largest impact on the
Rosseland mean opacity; thus, line wings can be important. Another instance is astrophysical
opacities where line clusters from heavier elements can form either broad absorption features or
a picket fence of sharp resonances depending on the line widths. The former can appreciably
increase the opacity while the latter has little impact on the results. Thus, the entire line shape
can influence opacity calculations. Due to computational constraints, however, it is impractical
for opacity models to incorporate complex line shape theories. Therefore, simplified formulas
that presumedly capture the essence of the relevant processes are employed.

An unresolved issue is the role of spectator electrons on line profiles. Specifically, opacity
calculations require line shapes for radiative transitions involving tightly bound electrons in

configurations with excited spectator electrons. In these cases, the level width contribution from

an excited spectator electron, which increases as n* with n the spectator electron principal
quantum number, [3] can dominate the line profile. On the other hand, it is expected that the
spectator electron contribution to the line shape should diminish as its coupling to the optical
electron becomes weaker as n increases.

The two apparently contradictory statements above can be reconciled with a more complete
treatment of line broadening that includes the interference terms. [3,4] These terms are often
neglected since they are small for plasma diagnostic lines emphasized by most research efforts.
[3,5] One exception is radio frequency lines where the interference terms are known to reduce
the line widths. [3,6,7] Another exception, more closely related to the present problem, is
Sobelman [7,8] who discussed line narrowing by interference effects for relaxation processes
only affecting states weakly coupled to the radiating electron.

The discussion begins with a brief review of Stark broadening theory. Examples are then
provided showing how the interference terms can lead to narrow spectral lines even though there
are large level widths from weakly coupled spectator electrons. The examples are simple and
yield analytical expressions that provide insight to the interference effects. This is followed by a
more general discussion of interference effects on the far line wing. Finally, calculations for
dielectronic satellite lines of Al IV demonstrate the impact of the interference terms that were

previously neglected in plasma characterization using such lines.



2. Stark broadening theory

The spectral power emission or absorption of a quantum-mechanical system can be written in
terms of a line shape function. [3] For Stark broadening the number of radiators is assumed small
relative to the number of perturbers so that the radiation from different emitters adds
incoherently. The line shape function is then approximated by that of a single radiator in a bath
of electrons and quasi-static ions, which for dipole transitions can be written in terms of “line

space” elements as (neglecting Doppler broadening) [3,4]

I(w)=n""Re [dr eierr{a’ : e"iLt/hp;l}
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where L is the Liouville operator defined by commutation with the total Hamiltonian of the
system. Note that the second line of Eq. (2.1) assumed the density matrix is stationary (i.e.,
Lp=0) and the trace was preformed with isolated radiator internal states. Accordingly, a line

element uv comprises u's and v's that are, respectively, initial and final |JM > atomic states

with total angular momentum J and magnetic number M . Also, p,, is the population of state u,

d,,, are matrix elements of the radiator dipole operator with * denoting the complex conjugate,

and W(F ) is the probability distribution of the quasi-static Stark field, F. The resolvent, which
describes the time evolution of the radiator dipole operator, is defined by its inverse

R 1
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with detuning frequency

+ o, (2.3)

Awyy =0-w,
and 7w, the energy of radiator internal state |a>. The “width and shift” operator, H (a)),
contains the plasma electron contribution to the relaxation processes of the radiator states. [9-14]
In principle, the sum in Eq. (2.1) is over a complete set of states involving not only discreet lines
but also bremsstrahlung and photon recombination spectra. In applications, however, the radiator

levels are restricted to those whose elements of d and R(a);F ) significantly contribute to

transitions in the spectral range of interest.



The expression in line space (also Liouville or double atom representation) is more complex

than the usual Hamiltonian notation. It has a direct appeal, however, since experimentalists
observe lines not energy levels. That is, in the absence of the plasma, R‘l(w) — R, l(w) whose
eigenvalues are the resonance frequencies Aw in Eq. (2.3). The effect of the plasma is to
introduce a perturbation to Ro(w). The plasma electrons produce non-Hermitian widths and

shifts while the quasi-static ions lead to line shifts to be averaged over the field distribution.

2.1 Dipole matrix elements

The dipole matrix elements are obtained using the Wigner-Eckart theorem, [15]

d|]va>=ea0(—1) _M,u M,u_MV M, uv

dyy = (1M, 2.1.1)

with SZ?, the reduced matrix element in units of the Bohr radius a, (see Appendix A). The

scalar product yields,

> 5 22 J,-M  +J,, -M
dyy - dyy =e aOaMM—Mv’MM'—MV/(_l) =Mt =My

(2.1.2)
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where the symmetry relations of the 3-j symbols and reduced matrix elements were used to

manipulate the result. [15]

2.2 Second-order theory and dipole approximation

The tetradic or double atom representation of H (a)) is obtained by taking matrix elements of
the product, [9-14]
<,LL|H(G))Y|V> = EHMV,M’V’(W) Yy (2.2.1)
‘L‘l/v/

where Y is an arbitrary operator in the radiator subspace. The width contributions from electron

collisions can be written in the form
ImH ()= O ulviv Y v (w)- (1 —0u/uOyy )TMV,M'V' (w) (2.2.2)
Here, v, are the level widths given by the diagonal elements of H(a)) and the interference

terms, T refer to the off-diagonal elements of H (a)) that can be important for overlapping

‘U,V,AUVV, .

lines but are negligible for isolated lines. [3,4] Although there are coherent terms in the elastic



scattering contributions to y,, that can affect both isolated and overlapping lines, [16] it is the

effect of © + on overlapping lines that is the subject of interest here.

uv.u'v
In second-order theory and dipole approximation discussed in Appendix B, the level widths

are independent of magnetic quantum numbers (neglecting detailed balance [14]),

2 2
1/2 1/2
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where the sum is over total angular momentum levels of the isolated radiator. The function g(a))

involves a thermal average over the collision momentum transfer,

4 2k
20 T ks ko) (2.2.4)
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with S(k,w) the electron gas dynamic structure factor and k,,, keeps the integrals finite.

In the same approximations the interference terms are given by

(2) (2) Ju-M [ Tu 1 Jw )12
Tuvuv' = Tuv' v =6Mu"MwMV’_MV (_1) o -M, M,-M, My SMM’

(2.2.5)
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The properties of the 3-j symbols, reduced dipole matrix elements, and the terms in brackets lead
to the symmetric results. It follows that the interference terms can entangle the initial and final
level manifolds even in cases where their coupling through electron collisional excitations and

the quasi-static Stark fields are neglected.

2.3 Line shape calculation

The evaluation of the line shape requires radiator energy levels and reduced dipole matrix
elements usually obtained from atomic data calculations. [17-19] With these data, together with
the description for electron collisional excitations, the matrices above are constructed. The
calculation requires a matrix inversion (or equivalent) for each frequency and Stark field;
however, in some cases approximations can accelerate this step. [18] Also required is the
microfield distribution to average over the quasi-static fields. [20,21] Often thermal equilibrium

is assumed, but non-thermal equilibrium radiator state populations are also of interest. [19]



Finally, line shape calculations for multi-electron ions involve significant computational
difficulties and the interference terms considerably increase the size of the matrices.
Consequently, the interference terms are often neglected for practical reasons rather than

systematic analysis.

3. Spectator electron relaxation: LS coupling

To study the interference effects, a two-electron ion with level structure displayed in Fig. 1 is
considered. The configuration term structure assumes LS coupling and only the singlet states
(total spin S=0) are included. The triplet system (total spin S=1) is independent and
considered separately below. Although not necessary, the LS-term structure of the Zpnp
configuration is assumed degenerate simplifying the algebra. The radiative transitions of interest
connect the /s and 2p orbitals.

The relaxation of the system is entirely due to plasma electron collisions with the excited
spectator electron in the ns or np subshell. Thus, the line broadening depends on the coupling
between the optical and spectator electron. Without this coupling the line shape should reduce to
a o-function (natural and autoionization widths are neglected). Furthermore, the value of n is
assumed sufficiently large that the energy splitting of the lines is small compared to their energy
(i.e.; 8 <<w, in Fig. 1). Consequently, g(AwMV) ~ g(Aw) with Aw = - w,, for all level widths

and interference terms. Finally, the quasi-static Stark fields are neglected.

3.1 Diagonal blocks
The line shape calculation in this example involves 48 line elements. The resolvent operator
has block diagonal form where only 3 similar (7x7) blocks contribute to the profile; all others

have vanishing dipole transitions. The block with Am, =m, -m, =0 involves the line

u

elements,

{“V}=3 15:4625:5424,5-2_,6,2,.,6,2,,and 6_2_ (3.1.1)

oto> -
where the labels are the levels in Fig. 1 with magnetic quantum numbers as subscripts. The

blocks with Am g, = =1 yield identical contributions to the profle so are not explicitly discussed.

3.2 Reduced dipole matrix elements
The electron collisional excitations involve only levels within either the upper or lower

manifold; that is, no collisional excitations are allowed between initial and final levels. The LS



reduced dipole matrix elements connecting the levels in Fig. 1 necessary for the widths are

obtained using formulas in Appendix C,

SI2_ g2 g2 sl
Sy —-sY2-1/43, (3.2.1)

1/2 ;/62 _ 53

The results are in units of eq,R,,, where the spectator electron radial wavefunction
dependence on the optical electron was neglected.
The radiative transitions connect only levels in the upper manifold to levels in the lower

manifold. Again using LS formulas in Appendix C
1/2 1/2 1/2 1/2

SYZ = sil2 o —shZ o sV2 -y,
1/2 1/2

SYZ ——sYZ —1/43, (322)
1/2 1/2

sV2__sY? - 5/3

The results are in units of eq, Ry, and the optical electron radial wavefunction dependence on

the spectator electron was neglected. All other reduced dipole matrix elements are assumed to

vanish.

3.3 Line width and shift
Straightforward substitution of the results in Section 3.2 yields for the level widths in

Eq. (2.2.3), (the second-order superscript is dropped for brevity)

Va1 = 3o
(3.3.1)

Vi =Vsa = Ve =70
where the subscript correspond to spectral lines connecting the levels in Fig. 1 and y, is defined
by the impact limit,

2
Yo=3 ZR2 ps(A0 —0) (3.3.2)

that makes it independent of frequency.



The non-vanishing interference terms for the Am =0 block from Eq. (2.2.5) all involve the

line element 3,1,

T3,1,4,2, = —)/O/W/§
T3,1,.6,2, = Yo2/3 (3.3.3)

T3,1,52 =773,1,5.2, =73,1,6,2, =T3,1,6.2_ = J/o/\/i

Symmetry of  completes the matrix elements required for this block.

uv.u'v
The dispersion relation provides the second-order line shifts (see Appendix B). Assuming a

frequency independent width then yields

Re m2 )() P°f°dw Imm )( )

w —(1)
(3.3.4)
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where PP denotes the Cauchy principal part. For simplicity, shifts due to the average radiator-

plasma interaction [3,11] are neglected.

3.4 Dipole line strength
The dot product of the dipole matrix elements for the radiative transition in the Am =0 block

and basis set in Eq. (3.1.1) is given by

3 B AR A2 23 A
2/3 J_ —\2/3 =\2/3 -2~2/3 - 2/3
i -1 -1 =243 -l
2‘uvz Zuv _1 1 _1 2/\/_ 1 (3.4.1)
ayRis2p O | 243 |
4/3  2/3
1

and the matrix is symmetric so the lower triangle is left blank for brevity.

3.5 Resolvent operator

The Am =0 block of R™! in the basis set of Eq. (3.1.1) is the symmetric matrix



(A iT/A3 iT/A2 —iT/A2 —iT/\2 =iT\2/3 -iT/~2]
B 0 0 0 0 0
ol B 0 0 0 0
yva,uv _ B 0 0 0 (3.5.1)
B 0 0
B 0
B

Again for brevity the lower triangle is left blank and the arguments of A and B were suppressed,

A(x,F) =x+1+3T

(3.5.2)
B(x,T)=x-1+il
where the variables
x=Aw/d
(3.5.3)
L=y,/6

were introduced scaling the problem to the line separation frequency.

3.6 Line shape function
The line shape function in Eq. (2.1) can now be obtained. Inverting the matrix in Eq. (3.5.1),
multiplying the results by the matrix in Eq. (3.4.1) followed by the trace, then assuming all initial

states have the same occupation (p, = p, for all w), yields identical contributions from the three

(7x7) diagonal blocks of R. The resulting line shape function is given by

1(x)= 30/m (3.6.1)

(xz-Q2+4r2Qx-Dz

where [ (x) was normalized by the total line strength

Epu‘?yv ) ‘_ivu = 4p062a02R12s,2p (3.6.2)
uv

so that
Jdx I(x) =1 (3.6.3)

The line shape without interference terms sets 7 =0 for all line elements yielding
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_3r 1 1

_3r N (3.6.4)
A7 |(x+1)*+9T2  (x=1)*+T2

Io()

that is also normalized by the total line strength. The line shape Io(x) is given by the sum of two
Lorentz profiles characterized by the sum of level widths for initial and final states.
3.7 Analytical Limits

Considering various limits helps display some features of the line shape functions above. In

the far wing,

2 2
Lim I(x) = 3r4 142 ISF +16r3 +0(i4) (3.7.1)
X—>© JTX X X X

2 2
Lim 1,(x) = 3r2 143 52r +161; +0(i4) (3.7.2)
x—>00 2mx X X X

Thus, the interference terms lead to a reduced line wing independent of the value of I'. The
vanishing of the x72 term in I(x) is a more general result considered in Section 6.

For small T, either by y, <<1 or 6 >>1 (the latter is equivalently to large coupling between
spectator and optical electrons) the line shape can be written as,

Lim I(x) =1, (x)- 2L (-1 .
=0 2 [(x—1)2 +r2][(x+1)2 +9r2]

(3.7.3)

and the effects from the interference terms vanish near line center.

For large T, either by y, >>1 or d <<1 (the latter is equivalently to small coupling between
spectator and optical electrons),
. 3 1
Lim I(x)=—2+0 = (3.7.4)
['—o0 4n(2x-1)°"T r
Therefore, /(x) reduces to a narrow function with center at x = x,, = 1/2. For large T, I(x) can
be approximated in the vicinity of the peak by [7]

() - I/

_m (3.7.5)
(x- xm)2 +12

with
3
16T

I= (3.7.6)
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The analytic results show that for I >>1 the full calculation has a line shape with a single center
at x = x,,, and an effective width inversely proportional to I'. In addition, the interference terms

reduce the far line wing intensity independent of the relative size of I'.

3.8 Numerical Results

Results from Egs. (3.6.1) and (3.6.4) are plotted in Fig. 2. The figure shows that for I' <<1
the interference effects near the two line centers are small. The effects, however, are significant
for I' =1 and dominate at line center for I" >>1. The ratio of the profiles is plotted in Fig. 3 for
I'<<1 and I'>>1, which are in agreement with the analytic results above. The large T’

approximation in Eq. (3.7.5) is tested in Fig.4 demonstrating that 7 (a)) is a reasonable

approximation for I(w) near line center. Note, however, that I (a)) has an incorrect x~2 behavior

at large detuning so always fails in the far wing.

3.9 Quasi-static electric fields

The quasi-static approximation assumes that the radiator finds itself in a statistical fluctuating
potential. Typically, such theories compute the line shifts produced by the ion electric field
followed by an average over the probability distribution of those fields. Rather than performing a
complete calculation, the line shape is computed for small and large field values. In this manner,
the effects of the interference terms can be more clearly ascertained.

The Stark effect is addressed in standard quantum mechanics textbooks so details are
omitted. The problem consists of a radiator in an external, uniform static electric field, F. The

matrix elements of the external potential are given by [15]

J o1 J')l/z

(IM|-d - FlIM') = —ea,F(-1)' ™ (_M o S (3.9.1)

where F = ‘17 ‘ and the field spatial direction was chosen along the z-axis.

In the large field limit, but still sufficiently small so there is no significant lower and upper
level mixing, there are four distinct line centers at
x=0,1,and + ® (3.9.2)
where
ZeaoRns,np

NEYE

and represents the Stark splitting scaled to the isolated radiator line separation energy.

(3.9.3)
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Line shape calculations are presented in Fig. 5 for small and large ® values with and without

the interference terms. The figure shows the narrowing effect of the interference terms similar to

the zero field results as well as the x~ decay in the line wing, which explicitly occurs for each

of the shifted components.

3.10 Triplets, LS terms degeneracy, and nd spectator

The calculations are repeated for the triplet states. This case has a total of 14 LS terms; that
is, 4 and 10 terms in the lower and upper manifolds, respectively, leading to 432 line elements.
Even though the triplet case yields larger matrices, making the same approximations (e.g.;
neglect ion fields, degenerate LS-term structure, and same radial matrix elements for lower and
upper configurations) lead to a numerically identical normalized profile as in the singlet
example. For the triplet case, however, the total line strength is larger. That is, for the triplets

S Pudyy - dyy =120,° a5 Ris 2 (3.10.1)
uv
to be compared to Eq. (3.6.2).

For simplicity, all the calculations above assumed that the LS-term structure was degenerate.
This approximation has been removed in Fig. 6 that compares calculations with degenerate and
non-degenerate LS-term structure for the singlet levels. As before it is possible to see the
individual lines without significant interference effects near line centers for I' <<1. For I'>>1,
the interference effects also produce a sharp feature that, as expected from spreading the level
energies, is shifted as well as slightly broader relative to the degenerate example. As in the
degenerate case, the x~2 term vanishes in the far wing.

The results so far have been limited to spectator electrons in the ns and np sub-shells. It is
straightforward to add radiative transitions between the configurations 1lsnd and 2pnd. The
electron collisions now couple the np and nd orbital tripling the width of lines with np as the
spectator electron. These calculations require the radial dipole matrix element connecting the np

and nd sub-shells. Hydrogenic wavefunctions can be assumed for large n giving [22]
3
Ryp -1 = 7" n* -0 (3.10.2)

or

1
Rnp,nd = Rns,np + O(_z) = RnS,np (3.10.3)
n
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Calculations with and without the nd orbital are presented in Fig. 7. The two line shapes are

similar except for a relative shift produced by the additional line (here centered at w, —36/2)

and a larger width due to the increased number of states available to the spectator electron.

4. Spectator electron relaxation: JK coupling

The present work concentrates on excited spectator electron effects on the line shape of
transitions involving tightly bound electrons. The LS coupling scheme, however, is symmetric
and not adequate for such asymmetric conditions. For these configurations the total energy is
only weakly dependent on the spin of the excited electron and pair coupling is more suitable. The
more common type is JK coupling [15] (also called j¢ coupling [7]), which for n;¢; and n,/(,
the tightly and excited bound electrons quantum numbers, respectively, is defined by

l+5 =0, J+0y=K, K+5,=1J (4.1)
or H[(El,sl)J 1,0 2]K X3 }Jm> This example repeats the calculations in Section 3 using the same

electron configurations as in Fig. 1, except that the angular momentum coupling scheme is
changed from LS to JK. All other approximations of Section 3 are retained.

Evaluation of the profile now involves 20 JK-terms; 6 in the lower level manifold and 14 in
the upper level manifold generating a total of 768 line elements. The resolvent operator has 6
blocks contributing to the line shape. There are 3 blocks corresponding to upper levels with
J1=1/2 of size (42x42) for Am =0 and 2(34x34) for Am ==1. The other 3 blocks have upper
levels with J; =3/2 of size (68x68) for Am =0 and 2(60x60) for Am = =1.

Formulas for the reduced dipole matrix elements are provided in Appendix C.
Straightforward substitution of those results yields for the widths in Eq. (2.2.3),

y[2pns —1sns] =3y, and y[2pnp—lsnp]=7y, (4.2)
where the notation denotes all terms involving the specified configurations and y,, in Eq. (3.3.2).
The two angular momentum coupling schemes give identical level widths. This is expected since
the sums in Eq. (2.2.3) are conserved under similarity transformations. [15]

The explicit dipole matrix elements will not be given here, however, note that the line

strength for the two sets of diagonal blocks are
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> pygluv : c?m = % poezaolezs’z » [upper levels with J; =1/2]
uv
(4.3)

- - 32 2022 .
2Pudyy dyy = ?pOe ayRisnp [upper levels with J; = 3/2]
uv
giving the same total line strength as in LS coupling of Egs. (3.6.2) plus (3.10.1). [15]
Numerical evaluation of the normalized profiles for the upper levels J;=1/2 and J;=3/2

blocks yield identical results. Furthermore, the normalized profiles exactly reproduced the LS

coupling numerical results of Section 3 including the vanishing of the x~2 in the far line wing.
As shown in Section 6, the far wing behavior is more general and associated with the separation

of the radiator into tightly and excited bound electrons rather than specific to these examples.

5. Optical and spectator electron relaxation

The previous examples demonstrated the interference term effects on the line shape. In those
examples the relaxation process was entirely associated with the spectator electron. Now
relaxation processes are included for both the optical and spectator electron. The level structure
is displayed in Fig. 8 that is similar to Fig. 1 but with two more configurations. Only singlet
states in the LS coupling scheme are considered. The approximations involving the radial

integrals and level energies in the earlier examples are retained and Stark fields are neglected.

5.1 Diagonal blocks

Evaluation of the profile in this example involves 64 line elements with 3 similar (9x9)
diagonal blocks that contribute to the profile; all others have zero dipole transitions. The block
with Am =0 involves the line elements,

{uv}=3,1,.4,2,.5,2,,52 ,6,2,,6,2,6.2 ,7,2,,and 8,1, (5.1.1)

—_— -

where the level identification follows Fig. 8. The other two blocks have Am==+1 and give

identical contributions to the profile so are not explicitly discussed.

5.2 Reduced dipole elements
The reduced dipole matrix element formulas in Section 3.2 still apply and the additional ones

necessary for the width calculations are
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S1/2 Sl/2 1/2 _ Sl/2 _&
12 1/2 3
S = S
(5.2.1)
sI2 gl ¢ \f
1/2 1/2
S78 - _S s
in units of ea,Ry; ,,,, with
R
Eo_252p (5.2.2)
Rns,np

There are no new reduced dipole matrix elements for radiative transitions.

5.3 Line width
Straightforward substitution yields for the widths in Eq. (2.2.3), which are modified by the
additional broadening due to levels 7 and 8 in Fig. 8,
EZ
7/31 = (3 + 7 Yo
(5.3.1)

52
T =V V0 = 1+7 Yo

The additional level widths (although no radiative transitions are involved, they still appear in

the resolvent) are given by

2
3
V1 =7 = (2+ %]Vo (53.2)

Here, the definition of y, in Eq. (3.3.2) is retained. The additional interference terms for the

Am =0 block are



16

3172 =Y5>

0-0° 070
. __YoS
40208010 =T 37

(5.3.3)

S

75,2, 8,1, =752 8,1, =76,2, 8,1, =T6_2_8,1, =

2
T6,2,8,1, = _)/O‘S\/;’

772 81 =%o>

0=0°" 070

Symmetry completes the matrix elements required for this block.

5.4 Dipole line strength and resolvent operator
The dot product of the dipole operators is identical to that in Eq. (3.4.1) except that two

additional rows and columns of zeros are added to make a 9x9 matrix. The expressions for the

Am =0 block of R™! is given by the symmetric matrix

ir i i T 2 T
A = = - - -lS - -i&l 0
R RS R R
B: 0 0 0 0 0 0 TE/\3
B 0 0 0 0 0 -TE/N2
Rl Be 0 0 0 0 iTE/2
i B: 0 0 0 -TE/N2 41
B: 0 0 -ilE2/3
B: 0 -TE/2
Ce ~iT
De

Again for brevity the lower triangle is left blank and the arguments of diagonal terms were

suppressed,

2
Ag(xT)=x+1+ ir(3 + %) (5.4.2a)
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2
Be(xT)=x-1+ ir(l + %) (5.4.2b)
32
Ce(x.T) = x+x7+il|2+ B (5.4.2¢)
32
De(xI) = x + xg +il| 2+ B (5.4.2d)

where x- and xg are the scaled relative frequencies of levels 7 and 8.

5.5 Line shape function

The line shape function in Eq. (2.1) can now be obtained. Assuming that all initial states have
the same occupation (o, = p, for all w), Eq, (2.1) yields identical contributions from the three
(9x9) diagonal blocks of R. In addition, it was assumed that xg =-x- =1 simplifying the
algebra. Although analytical results are possible for the line shape I(x;&), the expression is
lengthy and not explicitly given. The line shape without interference terms is given by

2 3(2+£2
=% 6+8 N ( ) (5.5.1)

4(x+1)2 +(6+§2)2r2 4(x-1)? +(2+§2)2r2

I,(x;8)

where 1,,(w;&) is normalized by the total line strength. As in the previous case, it is given by the

sum of two Lorentz profiles described by the sum of level widths for the upper and lower states,

which now includes relaxation processes from both the optical and spectator electrons.

5.6 Analytical Limits
Features of the line shape functions are obtained by considering various limits. Clearly, if the
relaxation processes of the optical electron vanish, then
I(x:E) I(x)
Lim = (5.6.1)
£—0
Io(xE)]  |Lo(x)

where I(x) and I,(x) are the line shape with and without interference terms in Section 3.

In the far wing the profiles are given by (still assuming that xg =—x7 =1)

2
Lim I(x;€) = 3 F2 {1 iy O(Lz)} (5.6.2)

X—>00 2T X X X



18

(3+§2)r

2

§2

Lim I,(x;€) = (3+§2

X—>00 27T X

1+

1
+ 0(—2) (5.6.3)
N
Thus, the interference terms again lead to a reduced far wing independent of the value of T". In
this case, however, the x72 term is present in both line shapes. That is, the interference terms

remove the contribution to the x> term in the far wing due to the relaxation processes
associated with the spectator electron but not that associated with the optical electron.

For small T, it is possible to write
r 24(x* -1

& 4(x—1)2 +F2(2+§2)2} 4(x+1)2 +F2(6 +§2)2]

1{ﬂqz)l(}¢;§)=I()()c;&) +oe (5.6.4)

and the interference effects vanish near the line centers. Finally, 1 (x;&) does not reduce to a &-

function for large T" as in the & =0 example.

5.7 Numerical results

Results for I(x;§), I,(xE), and I(x) are presented in Fig. 9. The calculations were
performed for xg =-x-7 =1 and & =1/6 (approximate hydrogen scaling in Eq. (5.2.2) for n=5).
The figure shows behavior similar to the previous example as I' varies from small to large
values. In this second example, however, there is a x72 far wing behavior associated with the

relaxation of the optical electron as well as less narrowing near line center with increasing I'.
That is, near line center the larger the relative value of &, the less apparent is the impact of the
interference terms.

It is interesting to compare with a line shape that only includes the relaxation processes of the

optical electron,
2

S 21 4ot 23 412 (5.7.1)
27 | 4(x+1)"+E°T°  4(x-1)"+&°T

that has no interference terms and is the sum of two Lorentz profiles. This profile has a large

Ic(x:E)

frequency limit such that

. 12-8712(2 + 5¢2
o )]}, 1 e WY .

x—>00 Ic(X;g) 2§2x2
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so that the two profiles have identical far wing limits.

Comparisons of I(x;€) and I-(x;&) are presented in Fig. 10 showing that neglecting the

broadening from the spectator electron is a good approximation in the far wing, as expected from
Eq. (5.7.2). Near line center, however, neglecting the spectator electron-broadening can either
under or over estimate the width depending on the degree of line overlapping.

A approximation to /(x;£) is given by

2
I +(Ih -1
P(x) =2 1+ (=T (5.7.3)
(2 Va2 2
(x7 1) +4r3(2x-1)

where

fde(x) =1 (5.7.4)
Note that for large detuning

3 -T;

Lim P(x) = (2—21) + 0(%) (5.7.5)

x—>00 TX X
Thus, by setting

52
=T+ ?F (5.7.6)

yields the same far wing limit as /(x;&). Although I is a free parameter, the line centers is well
approximated by choosing Iy =I" as shown in Fig. 10. The profile P(x) is in excellent

agreement with I(x;€) for T <1. For T > 1, however, there is significant discrepancy away from
line center until the profiles are dominated by the x~2 term in the far wings.

6. Far line wing limit

The examples above yielded analytical profiles and explicitly showed that the Aw~?
contribution from the spectator electron relaxation vanishes in the far wing. The vanishing of this
term is a more general result and applies whenever the relaxation is due to an electron that is

weakly coupled to the optically active electron. The following derivation helps clarify the
conditions under which spectator electron contributions to the Aw™? far line wing vanish.

A formal expansion for large detuning of the line shape in Eq. (2.1) is given by (neglecting
the quasi-static field) [4]
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Lim I(w)=—n‘1Tr{Zz-L
Aw—> Aw

1+ ImH(a))AL+ }pc;’}
®

(6.1)

1 1 - - 1
=—n 3y 3 puA dyyd
w

uv u'v' uv

uv' Aoy /ImHu’v’uv( )+

and the leading term is of order Aw~?

To proceed, consider a radiator consisting of ‘core’ electrons plus a ‘spectator’ electron. [23]
Now suppose that the spectral lines of interest involve transitions within the core states and the
relaxation process only involves the spectator electron. If the spectator electron is assumed to
have a small overlap with the core so that exchange can be neglected, then the total wavefunction

can be written as simple products of core and spectator states. That is,

) = |7 M|y (62)
Here, J and M are the total and z-component angular momentum for the core, respectively, with
all other core quantum numbers suppressed for brevity. The spectator electron description is
0 =Cn/lj where C indicates that its radial component also depends on the core configuration.
The inner product of such wavefunctions is given by

(ulv) z<juMM‘jVM"><Gumu‘vaV>

(6.3)
=057, 941,41, 05y O, Oy, (0o )

where (a u |ov) is the overlap integral of the spectator electron radial wavefunctions.

Typically, eigenfunctions of the total angular momentum squared are constructed using linear
combinations of such product wavefunctions. [15] The leading term in Eq. (6.1) involves a trace;
therefore, it is equivalent and also convenient to use the product wavefunctions in Eq. (6.2)
rather than first couple the angular momentum using similarity transformations.

A direct consequence of the wavefunction approximation is to simplify the radiative
transition dependence on the spectator angular momentum. Thus, the g-component of the dipole

operator for the radiative transition involves

- - m(J 1T
(T8.0m| i) 351 0m) = (1) M ( , )sj/j,a 311 mimo(0l0) (6.4)

where S Y2 7 is the reduce dipole matrix element for the core alone.
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The collisional relaxation depends on the spectator electron as well as on the core through the
detuning frequency and the spectator electron radial wavefunction. In the absence of magnetic
fields, however, the detuning frequency is independent of magnetic quantum numbers,

Awyy =0 -3 7 (6.5)

WO wjvov
Furthermore, with the wavefunction approximation in Eq. (6.2), the width and shift operator
reduces to

Hyy v (©) =05 5047 11,,93,3,: 01,81, Ho m o, my 0, myy 0, () (6.6)
with all the dependence on the core angular momentum explicit in the kronecker’s deltas and
h(a)) the width and shift operator for the spectator electron only.

Substituting Egs. (6.4) through (6.6) into the second line of Eq. (6.1), then the dot product of
the dipole matrix elements can be summed over core magnetic quantum numbers. Assuming @

far from any of the overlapping lines centers (i.e.; Aw,, — Aw for all u and v) yields for the

Aw™? coefficient,

2 res res
> Ed/.w u ’Hu’v’ v (w) x ZZ‘S;/; > 2 pJU(G|U) omom,a’m’o’m’(w) e (6.7)
uv u'v' JJ nljimn'l'j'm'

where the initial state populations are also assumed independent of magnetic quantum numbers.
Note that the spectator state sums in Eq. (6.7) are restricted to states satisfying the factorization
of the wavefunction and all other contributions denoted by the ellipsis.

The second-order theory and dipole approximation for the width and shift operator is
discussed in Appendix B. Using the expressions for the dipole matrix elements yields
i j')z

Ezlmhgﬂzom,omom ‘Sl/z‘ ga (Aw)1- 3 (_m g m

mm' mm'q

(6.8)

‘Sl/z‘ g% (Aw){1-1} =0

Thus, the Aw™? term vanishes. Here, S(lj/é, is the reduce dipole matrix element for the spectator

electron and gg/(Aw) is given by Eq.(2.2.4) except that the dependence on the spectator

quantum numbers has been made explicit. The term in Eq. (6.8) vanishes level by level by

summing over the spectator electron magnetic quantum numbers. Note that including the quasi-
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static field introduces a magnetic quantum number dependence on the detuning frequency.
Nevertheless, this dependence can be neglected and the results in Eq. (6.8) remain valid if w is
far away from any Stark shifted line center.

Although the result in Eq. (6.8) is approximate (neglected exchange between core and
spectator electrons) and may not exactly vanish in more complete calculations, the term should
remain small relative to other contributions such as those from spectator states excluded from the

restricted sum and the relaxation processes for the core.

7. Aluminum dielectronic satellite lines
Earlier work [27-32] investigated Stark broadening of the profiles and line-intensity ratios of
dielectronic satellite lines. These studies, however, only included level widths neglecting the off-

diagonal interference terms in the resolvent R(a),F ) For comparison, calculations for Al IV

satellite lines are presented. The upper configurations in this example are 1s2522p6 3¢ with

{=s,p,and d. The lower configurations are 1s22s22p6, 1s22s22p53£, and 1s22s2p6 3¢. The
radiative transitions of interest are

152522p030 — 1522572 p 30 + hw
that appear as satellites to the resonant line in Al V,

1s2522p6 — 1s22s22p5 +how.
Collisional excitations or Stark mixing are not allowed between the initial and final states of the
radiative transitions above.

The calculations include the electron collisional excitations between the 2s and 2p subshells
as well as the collisional excitations and Stark mixing of the 3/ subshells. They also include the
autoionization widths. LS coupling is assumed and only the singlet states are considered. Note
that the approximations in Sections 3 through 5 on term energies and radial dipole integrals are
relaxed. Instead, the atomic data is obtained from a Dirac-Hartree-Slater self-consistent field
code where the relativistic results are averaged to obtain the LS representation. [33]

Area normalized profiles, which neglect the ion broadening, are plotted in Fig. 11 for plasma
conditions expected in Ko line emission experiments. [31] Interestingly, the interference effects
at the higher densities lead to significant line narrowing. The effect of the ion microfields is

displayed in Fig. 12 where profiles for several values of the Holtsmark field are plotted. Here,
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F
Fy = 3 (7.1)
e/ae
and
47N a3
—38 e -1 (7.2)

with N, the plasma free electron particle density. The plot shows that at N, = 1022cm™ the ion
microfield has a small effect on the broadening, which is dominated by electron impacts. At
N, =10%c¢m™ the ion broadening becomes more important, but even large ficlds (Fy =10)
lead to a narrower spectral feature than neglecting the interference terms with F; = 0.

Not all dielectronic satellite lines will necessary display large corrections from the
interference terms. In particular, if the quasi-static Stark fields dominate the line broadening,
then they can mitigate their effects. As an example, at experimental plasma conditions the
satellite lines of Ar XVI, which is a relatively ionized system and approximates linear Stark

behavior, the interference effects were found to be in the order of a few percent. [19]

8. Discussion

The interference terms in electron impact broadening [4] were shown to be important in
treating overlapping spectral lines resulting from the presence of excited spectator electrons. The
schematic results from Sobelman [7,8] were reproduced with a concrete example involving two-
electron ions. An important consequence of the interference terms for cases where the relaxation
process is completely due to the spectator electron is reducing the overlapping lines to a narrow
spectral feature as the coupling between the spectator and optical electrons vanishes. That is, the
overlapping lines coalesce and the relaxation processes of the spectator electrons no longer
impacts the line shape. The equivalent effect happens for large plasma electron density and the
line width becomes inversely proportional to the density.

The impact of the interference terms was also considered in the line wings. It was shown that

the contribution to the leading Aw™? term in the far wing from the relaxation processes
associated with the excited spectator electron vanishes. This outcome relied on negligible
exchange effects between the core and spectator electrons in the radiator wavefunctions. The
condition is common for configurations with a highly excited electron that experiences a small

spin-dependent (exchange) Coulomb and spin-orbit interaction. [6,15,24]
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In the present examples the interference terms make a large impact on the line shape
compared to their usually small effect on spectral lines used for plasma diagnostics. [3,5] The
explanation follows from the width and shift operator, which shows that the interference terms
involve the product of upper and lower state interactions with the perturbing electrons. For
diagnostic lines lower-state broadening is often relatively small leading to small interference
effects. [3] On the other hand, broadening due to an excited spectator electron is similar in both
the lower and upper levels and the interference terms are no longer negligible.

For practical reasons the present results need to be distilled into a simple algorithm before
they can be implemented in opacity codes. For opacity models where the profiles near line center
have been compromised (e.g.; statistical line accounting methods [25,26]), the results suggest
neglecting the highly excited spectator electron contributions in the width calculations.

Finally, earlier work [27-32] investigated Stark broadening profiles and line-intensity ratios
of dielectronic satellite lines. These studies, however, only included level widths but neglected
the interference terms. As shown here, the interference terms can modify the profiles of these

overlapping dielectronic satellite lines introducing line narrowing and reduced wing intensities.

Acknowledgments: It is a pleasure to recognize valuable discussions with John I. Castor and
Richard W. Lee. This work performed under the auspices of the U.S. Department of Energy by
Lawrence Livermore National Laboratory under Contract DE-AC52-07NA27344.
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APPENDIX A
Reduced dipole matrix elements
Matrix elements of the radiator dipole operator are required for the line strength. In addition,
both the quasi-static external potential and the width and shift operator are often treated in the
dipole approximation. Consequently, the reduced dipole matrix elements play an important role
in line shape calculations. [3,17-19]

Consider the internal radiator state |JM > where J and M are the total and the z-component

angular momentum, respectively, where for brevity all other quantities specifying the state are
suppressed. Then, by the Wigner-Eckart theorem [15]

i Plomey= LK ] )

(A.1)

_ J 1 J
I (VA X7

12

77 is the qth spherical component of

where r(l)

defining the reduced dipole matrix element, S P

the radial vector, 7. The S;/Jz contains the radial integrations and the dependence on quantum

numbers other than those in the phase factor and 3-j symbol.
The reduced dipole matrix elements are not necessarily symmetric. Taking the complex
conjugate of Eq. (A.1) yields
a1 I-Mm-g( J 1 T\
()% = (1) (_M, o ul Y24, (A.2)
The expressions in Egs. (A.1) and (A.2) are real and consequently equal; thus, the symmetry
properties of the 3-j symbol yield

shZ - (1))~ sh2 (A3)

Note that the total dipole line strength is proportional to [15]

(-1)" " sl 2512 ‘Sl/ 2750 (A.4)

2
JI'SJT T "

Throughout the present work § Y2 is in units of a, the Bohr radius.
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APPENDIX B
Second-order width and shift operator
A Liouville or double atom representation of the second-order width and shift operator is
given by [11,14]
. 5 D\ (B g el
%_f @S(k,Q) S| 8pp Vaa(k)Vaa( k)fOfO‘

o 27T o

1

hzf

Awgg -Q+in

(B.1)

Tro(K)op(k)| oy 0 R B
Awgp -Q+in  Awgg -Q+in

|

where the sums are over all radiator internal states and 1 — 0" after the evaluation of the

integrals. The radiator-electron interaction matrix elements are given by
Vagp (K) = (Vi (k) B) (B.2)
where ‘;R (E) is the Fourier transform of the radiator-electron interaction excluding the net

Coulomb potential, hk is the momentum transferred during the collision, and S(k,a)) the

dynamic structure factor for an electron gas. The first 2 terms in Eq. (B.1) contribute to the level

widths and the last 2 to the interference terms. The symbolic identity for real w

Lim 1_ =Pi
n—0*t O i1 )

T imd(w) (B.2)

where P denotes the Cauchy principal part, shows that the line shift and width, Re H (a)) and

ImH (a)) , respectively, satisfy the dispersion relation

Re M(w)=n"1P Ofo dw’w (B.3)
—o0 w-w
ImM(w)=7"'P | doy REH®) (B.4)

o o' -w
Thus, the width and shift are not independent; knowledge of one implies the other.

B.1 Dipole approximation

The Fourier transform of the radiator-electron interaction is given by
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VR(”)_4:§ %[ 7, ] 4:6 433 L) = 800 i (Y (32) (B.L.1)

where the sum a is over all radiator bound electrons and the exponential was expanded in

spherical harmonics with j, (x) the spherical Bessel function of order /. [34]

In most cases of interest k™! is much larger than the dimension of the radiator and the lowest

order non-vanishing term leads to the dipole approximation, [3]

kLi%ﬁR(/}')=aR(,;)_4JZe 47”,21/1”1( )graYm(f”a) (B.1.2)

Assuming a single bound electron and noting that [15]

) @mm( ) (B.1.3)

yields
34 2
-\ 64me Jo=Jg=My+Mpg (1/2 ,1/2
[ dQop(K) g (k) = TO( el Mgl zel?,
(B.1.4)
J, 1 J Jg 1 Jy
XE(—I)m o ﬁ ﬂ o
m —Ma -m Mﬁ —M/JV m MO{'
From which follows, in combination with the orthogonality relations of 3-j symbols,
L edda o]
S [dRFaq (K)Toq: (k)= Sy (B.1.5)

3k2 2J, +1 aa

mg

Recall that Sé//g is in units of a,,.

B.2 Dynamic structure factor

The dynamic structure factor for a classical, weakly coupled electron gas is given by [35]

S,(k,
S(k.o) ="(—w)2 (B.2.1)
‘s(k,a))‘
with ideal gas structure factor and dielectric function
/ 2
S, (k)= Ne V2 ol 1o (B.2.2)
}"ek we 2)\%](2 wez
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e(k.w) =1+ ! W(l ”’) (B.2.3)

2 2
W(z)=1- zexp{—%}fdy exp{y2 /2} + i\g exp{—%} (B.2.4)

Here, N,, A,, and w, are the electron number density, Debye length, and plasma frequency,

respectively. The W-function has a small argument expansion and an asymptotic series, [35]

I_ZZE (_Z)n 7 <1
S(2n+1)t
ReW(z) =+ (B.2.5)
1\
-3 (2n2n1).. Te>>1
n <

that are useful in approximating the momentum transfer integrals in M (2) [36]

B.3 Integrals over momentum transfer
The expression for the width involves an integral over the momentum transfer during the

collision. In the second-order plus dipole approximation it has the form

dk e\ o ®
J (2n)] S(kw)p (k) P prr (k) £ dkS(k.w) (B.3.1)
For large k,
|£(k,a))|2 -1+ O(k_z)
Lim: (B3.2)
- L Ne 2T
\So(k,a)) )»:k o, + O(k )

and it follows from Eq. (B.2.1) that the integral in Eq. (B.3.1) diverges logarithmically. This is
avoided by introducing a cutoff, k,,.[3,36] Fortunately, the resulting widths behave as
% ky,
[ dkS(k.w)— [ dkS(k.w)xlogk,, (B.3.3)
o o

and are only weakly dependent on the cutoff.
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APPENDIX C
Reduced dipole matrix elements in LS and JK coupling
The line profiles in the present wok require the reduced dipole matrix elements connecting

the two-electron configurations,
I’llfll’lzfz > I’llfll’lrzfrz (Cl)

I’llf 11’12[2 <> I’li[ll’lzf 2 (C2)

Here, results are provided in LS and JK coupling.

C.1 LS coupling
In LS coupling the reduced dipole matrix element connecting the configurations in (C.1) is

given by[15]

([ 1maf LS (my 1o )L S ) = =855 (~1) 12107 L1 ]

L S J||{4 ¢ L
> 1 2
X 62 {J/ 1 LI}{ 1 LI f/z}aOanfz,n/zﬂ/z

where [j]=2j+1, (3 =max[(;,(5], and R, is the radial dipole integral. Similar

(C.1.1)

manipulations yield for the configurations in (C.2) [15]

<[(1’11€1 ol 2)L,S]]H}71H[(n1’£’l Y4 2)L’,S']J’> _ _5S,S(_1)S+J'+L+L'+Z2+ET

,,1/2>LSJ€1€2L
X[JJ ,L,L] \IKI{J, 1Ll 1o aoRnlﬁl,nfﬁ/l

where (] =max[/(,/]].

(C.1.2)

C.1 JK coupling
In JK coupling the reduced dipole matrix element connecting the same two pair of

configurations above are given by [15]
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<{[(£1,sl )‘]1 ,f Z]K’SZ}J”?ZH{[(EI’SI )Jl ,é’z]K’,S2}]’> = _5],1‘]1 (_ 1)1/2+J'—J1 +f>2

(C2.1)
K 12 J\[J) ¢, K
X[J’J”K’K’]I/Z@{J/ /1 K}{ ll KZI g’z}aoRnZZZ’nIZE/Z
and
{{vs)n 2Ky IR s 2 JK o ) = 0y, (1)K 42
(C2.2)

, , /1/2 K 1/2 J ‘]l fz K Kl 1/2 Jl
X[‘]l ’Jl ’K’K J’J ] \/E{J/ 1 K/ Kr 1 Ji Ji 1 g/l aORl/llf 1 Jl/lf’l
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Fig. 1 Schematic energy diagram of singlet levels in two-electron configurations using LS
coupling. The circled numbers indicate level labels. The double-headed solid arrows
denote allowed electron collisional excitations and Stark field mixing while the dashed

arrows allowed radiative transitions.
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Fig. 2 Plots of I(x) (solid) and Io(x) (dash) as a function of detuning for I' =1/10,1/3,1,and 3.
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Fig. 3 The ratio x> I(x)/I,,(x) as a function of detuning for T'=1/10 and 3.
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for I'=1and 10.
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Fig. 5 Comparisons of line shapes at T =1/10 and 1 with (solid) and without (dash) interference
terms as a function of detuning for small and large Stark fields, ®=1and 11.
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Fig. 6 Comparisons of | (x) (solid) and 1 ,(x) (dash) with non-degenerate LS-term structure as a
function of detuning for I'=1/10 and 3. Also included for reference is I(x) with
degenerate LS-term structure (dot-dash).
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Fig. 7 Comparisons of line shapes as a function of detuning including interference terms for
I' =1 with ns and np spectators (dash) and with ns, np, and nd spectators (solid) where
both assumed degenerate LS-term structure.
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Fig. 8 Same as Fig. 1 plus two more configurations interacting with the upper level manifold.
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Fig. 9 Plots of I(x;&) (solid) and I,(x;§) (dot-dash) with & =1/6 as a function of detuning for
'=1/10,1/3, 1,and 3. Also included are results for I(x;§=0) (dash). Note the

logarithmic scale for I'=1and 3.
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Fig. 10 Plots of I(x;&) (solid), P(x) (dash), and I-(x;€) (dot-dash) for & =1/6 as a function of
detuning for I'=1/10 and 10. Linear and logarithmic plots emphasize line centers and

wings, respectively.
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Fig. 11 Strength normalized profiles of Al IV Ka satellite lines with a spectator electron in the
n =3 shell with (solid) and without (dash) interference terms at 20 eV temperature and
free electron densities, N, = 1020,1021,1022,and 102 ¢cm™>. The zero detuning was

arbitrarily chosen near the peak of the profile with interference terms and ion broadening

was neglected.
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Fig. 12 Strength normalized profiles of Al IV Ka satellite lines with a spectator electron in the

n =3 shell with interference terms at 20 eV temperature and N, = 102 and 10%3cm™.
The Holtsmark fields values are: Fy =0 (solid), Fy =1 (short dash) almost

indistinguishable from zero field result, F; =5 (dot-dash), and Fy =10 (long dash).



